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Abstract— In this work, with respect to the uncertainty about
the individual information, we investigate the relay power allocation problem from the energy-efficient, Pareto optimal, and
competitive fairness perspective. At first, we design an easyimplementation energy efficiency metric, which aims at striking
a balance between the QoS provisioning and the energy consumption. Then, an auction mechanism is proposed for relay
power allocation. By transferring the auction mechanism into a
game, we prove the existence, uniqueness, and Pareto optimality
of the Nash equilibrium (NE) for our auction game, and show
that the allocation strategies from the NE can achieve the energy
efficiency in terms of the proposed metric. Next, we develop a
distributed relay power allocation algorithm based on our bestresponse functions to reach the Pareto optimal NE. Importantly,
we not only certify the convergence of the proposed algorithm,
but also provide quantitative analysis on it. Extensive simulations
results are conducted to confirm the validity of the analytical
results.
Index Terms— Wireless cooperative networks, auction theory,
energy efficiency, power allocation, outage probability.

I. I NTRODUCTION
A. Motivation and Background
UE to the global aspiration for energy saving and reduction of carbon footprint, the energy-efficient communication is becoming a crucial trend [1]. In particular, cooperative
communication technique has been widely considered as a
promising approach to achieve energy efficiency [2]. In order
to take full advantage of the energy saving potential, some
issues deserve further consideration:
∙ Energy efficiency metrics play an important role in
comparing and assessing the energy consumption of various
components and overall networks. Since future wireless networks will support a variety of services with heterogeneous
QoS requirements, it is expected to seek a refined energy
efficiency metric to provide a comprehensive evaluation of
energy savings and general QoS performance.
∙ Resource allocation and coordination among the cooperative members become an important guarantee for realizing the
energy-efficient advantages. Given a fixed relay, the paramount
issue is how to distribute the energy resource of the relay
to the nodes in need, even in a distributed and incompleteinformation manner. For a multiple node-pairs relay network model, where each relay is delegated to assist one
or more source-destination pairs, multiple source-destination
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pairs share radio resources from the same relay, and thus,
efficient resource utilization seems particularly important. A
typical example of such scenarios is the deployment of few
relays in ad hoc networks or the transmissions between the
hot-spot nodes located at the edge of the cell [3].
Recently, auction-theoretic approaches to resource allocation problems have been explored in wireless cooperative
networks [4], [5]. The auction mechanism is beneficial to
allocating available resources among multiple bidders in a
distributed way, with uncertainty about the individual information, and achieving competitive fairness. In this work, we
propose a relay power allocation scheme for multiple nodepairs relay wireless networks by using auction mechanism.
The main contributions are three-fold:
1) We derive a refined energy efficiency metric, which is
characterized by easy implementation and adequately shows
the relationship between the QoS provisioning and the energy
consumption.
2) We design an auction mechanism for relay power allocation by modeling the source-destination pairs as bidders,
the relay as an auctioneer, and the available energy of relay
as a traded resource. Then, we treat the proposed auction
mechanism as an auction game, and prove the existence,
uniqueness and Pareto optimality of the Nash equilibrium
(NE). According to the proposed energy efficiency metric,
the resulting NE can yield the energy-efficient relay power
allocation strategies.
3) We propose a distributed algorithm based on bestresponse functions to reach the Pareto optimal NE of our
auction game. Moreover, we analyze the convergence and
provide the upper bound of the convergence. Interestingly,
the convergence is only dependent on the number of sourcedestination pairs and independent of the initial bidding strategies and the available energy of the relay.
II. N ETWORK M ODEL AND P ROBLEM F ORMULATION
A. Network Model
We consider a multiple node-pairs relay wireless network,
where the source node 𝑠𝑖 communicates with its corresponding
destination node 𝑑𝑖 , 𝑖 = 1, . . . , 𝑁 , and one relay 𝑟 is available
to assist the data transmissions from 𝑁 source-destination
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pairs. Orthogonal transmissions are assumed among different nodes for simultaneous communications of all sourcedestination pairs.
Taking the node-pair 𝑖 for example, the cooperative communication scheme is carried out by two phases, namely a local
transmission and a long-haul cooperative transmission. For
both phases, the channels are modeled by a path loss exponent
𝛿 and frequency flat Rayleigh fading. More precisely, ℎ𝑠𝑖 ,𝑟 ∼
𝒞𝒩 (0, 1), ℎ𝑠𝑖 ,𝑑𝑖 ∼ 𝒞𝒩 (0, 1), and ℎ𝑟,𝑑𝑖 ∼ 𝒞𝒩 (0, 1) are
unitary power, Rayleigh fading channel coefficients. Without
loss of generality, each node has the same Gaussian noise
variance 𝜎 2 . Here, we adopt the outage performance as a QoS
measure. In order to guarantee the basic QoS requirement,
the outage probability 𝑃𝑜𝑢𝑡,𝑖 should not be larger than the
𝑡ℎ𝑟
, under the fixed outage capacity 𝒞𝑜𝑢𝑡,𝑖 .
threshold value 𝑃𝑜𝑢𝑡,𝑖
During Phase 1, there exists the channel reciprocity between
𝑠𝑖 and 𝑟, and the relay 𝑟 is expected to cooperate during Phase
2. Hence, setting the rate of Phase 2 to 𝒞𝑜𝑢𝑡,𝑖 , the capacity
region of Phase 1 is constrained to:
(
)
)−𝛿
1
𝑝𝑠 ,𝑟 (
2
log2 1 + 𝑖2 𝑙𝑖local
∣ℎ𝑠𝑖 ,𝑟 ∣ ≥ 𝒞𝑜𝑢𝑡,𝑖 ,
(1)
2
𝜎
where 𝑝𝑠𝑖 ,𝑟 is the transmit power, and 𝑙𝑖local represents the
local distance between the source node 𝑠𝑖 and the relay 𝑟,
respectively. Moreover, we normalize a unit of time scale to
1, and derive the energy consumption for Phase 1 as 𝐸𝑖1 =
(𝑝𝑠𝑖 ,𝑟 + 𝑝𝑐𝑡 + 𝑝𝑐𝑟 )/2, where 𝑝𝑐𝑡 and 𝑝𝑐𝑟 denote the transmitter
and the receiver circuit power, respectively. For simplicity, all
nodes have the same 𝑝𝑐𝑡 and 𝑝𝑐𝑟 . Specifically, the part of 𝑠𝑖
is (𝑝𝑠𝑖 ,𝑟 + 𝑝𝑐𝑡 )/2, and the part of 𝑟 is 𝑝𝑐𝑟 /2.
During Phase 2, there is no channel reciprocity, and thus,
𝑠𝑖 and 𝑟 jointly transmit data to 𝑑𝑖 based on the Alamouti
codes. Then, each transmitting member has the same transmit
power [6], namely 𝑝𝑠𝑖 ,𝑑𝑖 = 𝑝𝑟,𝑑𝑖 = 𝑝co
𝑖 . Hence, the energy
consumption for Phase 2 is formulated as 𝐸𝑖2 = 𝑝co
𝑖 + 𝑝𝑐𝑡 ,
where the part of 𝑠𝑖 is (𝑝𝑠𝑖 ,𝑑𝑖 + 𝑝𝑐𝑡 )/2, and the part of 𝑟 is
(𝑝𝑟,𝑑𝑖 + 𝑝𝑐𝑡 )/2. From [6], the outage probability is
( (
)
)
22𝒞𝑜𝑢𝑡,𝑖 − 1 𝜎 2 𝑙𝑖𝛿
𝑃𝑜𝑢𝑡,𝑖 = Γ 2,
,
(2)
𝑝co
𝑖
∫𝑚
where Γ (2, 𝑚) = 0 𝑥𝑒−𝑥 𝑑𝑥, and 𝑙𝑖 is the distance of the
𝑖𝑡ℎ long-haul cooperative transmission link.
B. Design of Energy Efficiency Metric
As we know, the bit-per-energy efficiency is a widely-used
metric in terms of the energy efficiency design [2], and well
captures the tradeoff between the throughput and the energy
consumption. However, throughput is not an appropriate measure for all the communication networks, in particular for
multimedia communications [7]. This motives us to propose
a refined energy efficiency metric to precisely capture the
characteristics of the application-driven transmission system.
In this regard, we formulate the ratio of QoS provisioning to
the energy costs as our energy efficiency metric.
As outage performance is related to large scale channel
fading and statistical small scale fading, it is appropriate
for the model description which lacks instantaneous channel
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knowledge. Therefore, it is adopted as a QoS representative
in this work. To this end, for the node-pair 𝑖, we have
( 𝑡ℎ𝑟
)
𝛼𝑖 𝑃𝑜𝑢𝑡,𝑖
− 𝑃𝑜𝑢𝑡,𝑖
,
(3)
Type I :
𝐸𝑖1 + 𝐸𝑖2
where 𝛼𝑖 is a positive constant. However, the use of Type I
may increase the computational complexity, which motivates
us to rewrite (3) as
) (
)
( 𝑡ℎ𝑟
− 𝑃𝑜𝑢𝑡,𝑖 − 𝐸𝑖1 + 𝐸𝑖2 , (4)
Type II :
𝛽𝑖 𝑃𝑜𝑢𝑡,𝑖
where 𝛽𝑖 is also a positive constant. In particular, both 𝛼𝑖
and 𝛽𝑖 are tunable parameters, which is used to adjust the
steepness, and achieve the fairness and heterogeneous service
requirements.
Proposition 1: There exists 𝛽𝑖 = 𝜚 ⋅ 𝛼𝑖 (where 𝜚 > 0 is a
scaling factor) enabling Type I and Type II to achieve their
optimal values at the same allocated power. That is, Type I
and Type II are equivalent in this case.
Indeed, Proposition 1 can be proved by first setting the
derivatives of (3) and (4) with respect to 𝑝𝑐𝑜
as zero,
𝑖
then finding the relationship between 𝛼𝑖 and 𝛽𝑖 when (3)
and (4) achieve the optimal solutions at the identical 𝑝𝑐𝑜
𝑖 .
Hence, (4) can be treated as an energy efficiency metric.
Particularly, Type II can simplify the derivation analysis, and
facilitate resource allocation strategy updates. Moreover, in
order to consume energy as little as possible, 𝑝𝑠𝑖 ,𝑟 can be
obtained by transforming/(1) into the equation, i.e., 𝑝𝑠𝑖 ,𝑟 =
)𝛿
( 2𝒞
)(
2
2 𝑜𝑢𝑡,𝑖 − 1 𝑙𝑖local 𝜎 2 ∣ℎ𝑠𝑖 ,𝑟 ∣ . For Type II, achieving the
energy efficiency of the node-pair 𝑖 is equivalent to maximizing
(4) in terms of 𝑝co
𝑖 .
III. AUCTION - BASED R ELAY P OWER A LLOCATION FOR
C OOPERATIVE N ETWORKS
A. Auction Mechanism Design
In our model, each source-destination pair competes for
relaying assistance, i.e., relay transmit power, and is only
interested in its own action and its resulting benefit. Hence,
we resort to the notion of competitive fairness [8] to achieve
the fair allocation design for competitive scenarios. As a
notable example of competitive fairness, the auction approach
is exploited to determine relay power allocation in this work.
Specifically, in the auction mechanism for relay power allocation, the source-destination pairs constitute a set of risk-neutral
bidders, denoted by 𝒩 = {1, . . . , 𝑁 }, and the relay 𝑟 acts as
the auctioneer. The object for sale is the available energy of the
relay 𝑟. Moreover, the private value of the bidder 𝑖, 𝑉𝑖 , which
represents the value of the sale object to itself, should exhibit
two measures of interest, namely, the amount of cooperation
benefits and costs. Here, the two measures for bidder 𝑖 are
characterized by its outage performance improvement and
the sum of energy consumption for Phase 1 and Phase 2,
respectively. To this end, the private value of bidder 𝑖 can
be expressed as
)
(
( 𝑡ℎ𝑟
)
1
1
𝑝𝑠 ,𝑟 + 𝑝𝑠𝑖 ,𝑑𝑖 + 𝑝𝑐𝑡 , (5)
𝑉𝑖 = 𝜂𝑖 𝑃𝑜𝑢𝑡,𝑖 − 𝑃𝑜𝑢𝑡,𝑖 −
2 𝑖
2

3

where 𝜂𝑖 is a positive constant. The bidder 𝑖 submits its bid 𝑏𝑖
to 𝑟, and then, obtains a portion of the relay transmit power
𝑏𝑖
𝑝𝑟 ,
𝑗∈𝒩 𝑏𝑗 + 𝜃

𝑝𝑟,𝑑𝑖 = ∑

(6)

where 𝑝𝑟 is the available transmit power of the relay 𝑟, and 𝜃 is
the reserved bid which is a positive bid placed by the relay 𝑟.
The relay 𝑟 adjusts its reserved bid according to the variation
of energy efficiency demand. Moreover, the bidder 𝑖 pays for
the help of the relay 𝑟. The payment should be proportional
to the amount of energy that 𝑟 dedicates to serving the bidder
𝑖, that is,
1
(7)
𝐶𝑖 = 𝜇 (𝑝𝑟,𝑑𝑖 + 𝑝𝑐𝑟 + 𝑝𝑐𝑡 ) ,
2
where 𝜇 is the unit price which the relay 𝑟 announces to all
bidders at the beginning of the auction.
B. Nash Equilibrium Under Auction Game
The essence of an auction is a game, where the players are
the bidders, the strategies are the bids, and both allocations
and payments are functions of the bids. Accordingly, the
proposed auction mechanism〈 can be compactly represented
〉
in strategic form as 𝐺 = 𝒩 , {ℬ𝑖 }𝑖∈𝒩 , {𝑢𝑖 }𝑖∈𝒩 , which
specifies for each bidder 𝑖 a set of bidding strategies ℬ𝑖
(𝑏𝑖 ∈ ℬ𝑖 ), and a utility function 𝑢𝑖 (𝑏1 , . . . , 𝑏𝑁 ) associated
with outcome of the auction arising from a bidding strategy
profile b = (𝑏1 , . . . , 𝑏𝑁 ). Moreover, the joint strategy space is
ℬ = ℬ1 ×. . .×ℬ𝑁 . For ∀b ∈ ℬ, we can rewrite b = (𝑏𝑖 , b−𝑖 ),
where b−𝑖 = (𝑏1 , . . . , 𝑏𝑖−1 , 𝑏𝑖+1 . . . , 𝑏𝑁 ) denotes the bidding
strategies for all 𝑁 − 1 others excluding bidder 𝑖. Hence, the
utility for the bidding strategy profile b is
𝑢𝑖 (𝑏𝑖 , b−𝑖 ) = 𝑉𝑖 (𝑏𝑖 , b−𝑖 ) − 𝐶𝑖 (𝑏𝑖 , b−𝑖 ) ,

(8)

Formally, our auction game 𝐺 is defined as
max 𝑢𝑖 (𝑏𝑖 , b−𝑖 ) ,

𝑏𝑖 ∈ℬ𝑖

for all 𝑖 ∈ 𝒩 .

(9)

Our work mainly concentrates on the relay power allocation, hence, we take the single-relay case for example. The
proposed auction-based relay power allocation scheme can be
extended to networks with multiple relays. The key difference
between them is to add the step of each node-pair choosing
its appropriate relay. Consequently, if there exist 𝑁𝑟 relays,
the multi-relay network can be divided into 𝑁𝑟 + 1 clusters of
nodes, and each cluster is independently analyzed as a singlerelay case. The readers can be referred to [5] for more details.
Proposition 2: The outcome of the proposed auction game
𝐺 can result in the energy-efficient relay power allocation.
Proof: Note that the utility function in (8) is almost identical
to the energy efficiency metric in Type II, and the additional
parameters, 𝜂𝑖 and 𝜇, do not affect the relationship between
the energy efficiency and relay transmit power (The reason
is similar to Proposition 1.). Moreover, each bidder 𝑖 of our
auction game 𝐺 is to maximize the utility function in terms
of 𝑏𝑖 . 𝑝co
𝑖 is a monotonically increasing function with 𝑏𝑖 when
b−𝑖 is fixed, and thus, the solution which maximizes the utility
function in terms of 𝑝co
𝑖 coincides with the outcome of 𝐺.
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Since achieving the energy efficiency in Type II is equivalent
to maximizing (4) in terms of 𝑝co
𝑖 , the proof is complete. ■
Considering that the NE is treated as a desirable outcome
of any multi-player game, we are interested in the relay power
allocation which results from the NE strategies b∗ .
Theorem 1: A NE exists for the proposed auction game 𝐺.
Proof:
We
rewrite
(8)
as
𝑢𝑖 (𝑏𝑖 , b−𝑖 )
=
𝑌𝑖 (
(𝑏𝑖 , b−𝑖 ) −( 𝑋𝑖 (𝑏𝑖 , b−𝑖 ), where
𝑌
(𝑏
,
b
)
=
𝑖
𝑖
−𝑖
))
(22𝒞𝑜𝑢𝑡,𝑖 −1)𝜎2 𝑙𝛿
𝑡ℎ𝑟
− Γ 2, 𝑝co (𝑏𝑖 ,b−𝑖 ) 𝑖
, and 𝑋𝑖 (𝑏𝑖 , b−𝑖 ) =
𝜂𝑖 𝑃𝑜𝑢𝑡,𝑖
1
2

𝑖

𝜇) 𝑝co
𝑖

(𝑏𝑖 , b−𝑖 ) + 𝑝𝑠𝑖 ,𝑟 + 𝜇𝑝𝑐𝑟 + (2 + 𝜇) 𝑝𝑐𝑡 ].
By
[(1 +
taking the second derivative of 𝑌𝑖 (𝑏𝑖 , b(−𝑖 ) with respect
)
co
2𝒞𝑜𝑢𝑡,𝑖
2 𝛿
to 𝑏𝑖 , we find
−1
/ that if 𝑝𝑖 (𝑏𝑖 , b−𝑖 ) ≥
( 2
) 𝜎 𝑙𝑖 ,
∂ 2 𝑌𝑖 (𝑏𝑖 , b−𝑖 ) ∂𝑏2𝑖 ≤ 0. Noting that 22𝒞𝑜𝑢𝑡,𝑖 − 1 𝜎 2 𝑙𝑖𝛿 is
tiny (e.g., it asymptotically achieves to zero), the above
constraint on 𝑝co
𝑖 (𝑏𝑖 , b−𝑖 ) can be satisfied. Then, 𝑌𝑖 (𝑏𝑖 , b−𝑖 )
is concave. Also, 𝑋𝑖 (𝑏𝑖 , b−𝑖 ) is convex. As a result, the utility
function 𝑢𝑖 is concave, which in turn implies quasi-concavity.
Moreover, ℬ𝑖 is a non-empty, compact and convex set. Hence,
the conditions of the existence of NE, as in [9], are satisfied,
and accordingly 𝐺 has a NE at least.
■
Next, we discuss the properties of NE. First, we derive the
derivative of 𝑢𝑖 (𝑏𝑖 , b−𝑖 ) with respect to 𝑏𝑖 by
)
(
[
] ∑ 𝑏 +𝜃 𝑝
3 −𝑚𝑖
𝑗
𝑟
𝑗∕
=
𝑖
∂𝑢𝑖 (𝑏𝑖 , b−𝑖 )
𝜂𝑖 𝑚𝑖 𝑒
1
=
− (1 + 𝜇) (∑
)2 ,
∂𝑏𝑖
𝑀1,𝑖
2
𝑗∈𝒩 𝑏𝑗 + 𝜃
(10)
(
)
(22𝒞𝑜𝑢𝑡,𝑖 −1)𝜎2 𝑙𝛿
where 𝑀1,𝑖 = 22𝒞𝑜𝑢𝑡,𝑖 − 1 𝜎 2 𝑙𝑖𝛿 , and 𝑚𝑖 = 𝑝co (𝑏𝑖 ,b−𝑖 ) 𝑖 .
𝑖
Notice that the second term on the right-hand side of (10) is
strictly positive.
In order )to find the best-response strategies,
(
−1/3

3

(1+𝜇)𝑀

1,𝑖
we have (𝑀2,𝑖 )
𝑚𝑖 = 𝑒𝑚𝑖 , where 𝑀2,𝑖 =
.
2𝜂𝑖
By using the principal branch of the Lambert W function
which is denoted by 𝑊0 (⋅), we obtain

𝑝co
𝑖 =

(

𝑀1,𝑖
1/3

−3𝑊0 − 31 (𝑀2,𝑖 )

).

Hence, the best-response function can be expressed as
)
(∑
𝑝co
𝑖
𝑗∕=𝑖 𝑏𝑗 + 𝜃
𝐵𝑅𝑖 (𝑏𝑖 , b−𝑖 ) =
.
𝑝𝑟 − 𝑝co
𝑖

(11)

(12)

Then, we can define the best-response vector function 𝐵𝑅 (b)
as 𝐵𝑅 (b) = (𝐵𝑅1 (b) ,. . ., 𝐵𝑅𝑁 (b)), and its components are
given by (12).
Definition 1 [10]: If a best-response vector function 𝐵𝑅 (⋅)
satisfies the following condition: for all
( 𝜓
) > 1, (1/𝜓) b ≤
b̃ ≤ 𝜓b implies (1/𝜓) 𝐵𝑅 (b) < 𝐵𝑅 b̃ < 𝜓𝐵𝑅 (b), it is
said to be two-sided scalable.
Theorem 2 [10]: If a best-response vector function 𝐵𝑅 (⋅)
is two-sided scalable and a fixed point exists, then that fixed
point is unique.
Theorem 3: The proposed auction game 𝐺 has a unique NE.
Proof: According to Theorem 1, our auction game 𝐺 has a
NE b∗ , and then, b∗ is a fixed point of the best-response
vector function, i.e., b∗ = 𝐵𝑅 (b∗ ). For ∀𝑖 ∈ 𝒩 and all
𝜓 > 1, if (1/𝜓) b ≤ b̃ ≤ 𝜓b, by monotonicity, we can
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( )
get 𝐵𝑅𝑖 ((1/𝜓) b) ≤ 𝐵𝑅𝑖 b̃ ≤ 𝐵𝑅𝑖 (𝜓b). From (12), we
obtain 𝜓𝐵𝑅𝑖 ((1/𝜓) b) > 𝐵𝑅𝑖 (𝜓 ((1/𝜓) b)) = 𝐵𝑅𝑖 (b).
These( above
inequalities jointly result in (1/𝜓) 𝐵𝑅𝑖 (b) <
)
𝐵𝑅𝑖 b̃ < 𝜓𝐵𝑅𝑖 (b). Accordingly, 𝐵𝑅 (⋅) is two-sided
scalable. By using Theorem 2, we conclude that the NE b∗ is
unique.
■
Theorem 4: The relay power allocation solution deriving
from the unique NE of the proposed auction game 𝐺 is Pareto
optimal.
Proof: For the proposed auction game 𝐺, we assume that
the bidding strategy profile b is the outcome of the utilitarian
social welfare problem which is defined as
max
b

𝑁
∑

𝑢𝑖 (b),

Table I: Distributed Relay Power Allocation Algorithm
begin
initialization
𝑛 = 1;
𝑟 announces the information, i.e., the reserved bid 𝜃, the price 𝜇, and
its total transmit power 𝑝𝑟 to all bidders;
∀𝑖 determines the transmit power 𝑝𝑠𝑖 ,𝑟 by transforming (1) into the
(1)
(1)
equation, chooses a feasible bid 𝑏𝑖 arbitrarily, and submits 𝑏𝑖 to 𝑟;
while (𝑛 > 0)
∑
(𝑛)
𝑟 broadcasts the sum of bids of all bidders 𝑖∈𝒩 𝑏𝑖 ;
while (∀𝑖 ∈ 𝒩 )
(𝑛+1)
according to (14),
𝑖 calculates its updated bidding strategy 𝑏𝑖
and submits it to 𝑟;
end while
if (b(𝑛+1) = b(𝑛) )
𝑛 = −1;
else
𝑛 = 𝑛 + 1;
end if
end while

(13)

𝑖=1

but not Pareto optimal. Then,
( )there exists a certain strategy profile b̃ such that 𝑢𝑖 b̃ ≥ 𝑢𝑖 (b), for all 𝑖 ∈ 𝒩
( )
and 𝑢𝑖 b̃ > 𝑢𝑖 (b) for some 𝑖 ∈ 𝒩 . This implies that
( )
∑𝑁
∑𝑁
>
𝑖=1 𝑢𝑖 b̃
𝑖=1 𝑢𝑖 (b). As a result, b cannot be a
solution to the problem in (13), which contradicts the original
assumption. Therefore, it must be a Pareto optimal point.
Furthermore, the solution
(∑of (13) should
)/ satisfy the fol𝑁
lowing ∣𝒩 ∣ equations: ∂
𝑢
(b)
∂𝑏𝑖 = 0, for all
𝑖
𝑖=1
𝑖 ∈ 𝒩 . The result of NE satisfies this case (Please refer to the
analysis of best-response function for the details.). Therefore,
the resulting NE b∗ is a solution to the problem in (13), that
is, it is Pareto optimal.
■

In this subsection, we propose a relay power allocation algorithm to reach the NE of 𝐺 in a distributed way, and the details
are shown in Table I. Specifically, the bidders iteratively update
their bidding strategies based on best-response functions, and
the iteration vector function can be expressed as
(
)
b(𝑛+1) = 𝐵𝑅 b(𝑛) ,
(14)
𝑝co
𝑖

𝑁 𝑁
[ (
)
]
1 ∑ ∑ (𝑛)
(𝑛)
𝔼 Φ b(𝑛+1) ∣b(𝑛) ≤ 𝑁 +
𝑏𝑖 − 𝑏𝑖′ . (15)
𝑁 𝑖=1 ′
𝑖 =1

Moreover, the right-hand side of (15) is 𝑁 +
∑𝑁
(𝑛)
− 𝑏 at most. By Cauchy-Schwarz, we get
𝑖=1 𝑏𝑖
√
(
)
[ ( (𝑛+1) ) (𝑛) ]
■
𝔼 Φ b
∣b
≤ 𝑁 + 2 𝑁 ⋅ Φ b(𝑛) .
Lemma 2: Suppose that the bidding strategy satisfies
𝑏𝑖 − 𝑏 ≥ 𝜀 (𝜀 > 0) and 𝑏𝑖 − 𝑏 ≤ 𝑏𝑁 − 𝑏 , for all 𝑖 ∈ 𝒩 .
Let w = (𝑤1 , ..., 𝑤𝑁 −1 ) with 𝑤𝑖 = 𝑏𝑖 for 𝑖 ∈ [1, 𝑁 − 1].
1
𝑧 (b) ≥ Φ (w) − 2(𝑁1−1) 𝑧 (w).
Then, Φ (b) − 2𝑁
∑𝑁 −1
2
Proof: Let 𝑓 (𝑔) = 𝑖=1 (𝑏𝑖 − 𝑔) . Note that the derivation of 𝑓 (𝑔) is:
2

C. Distributed Algorithm for Auction Game

(𝑛+1)

(
)
(𝑛)
(𝑛)
Lemma 1: Let b(𝑛) = 𝑏1 , ..., 𝑏𝑁
be the bidding
strategy profile at iteration 𝑛 by using the proposed
algorithm,
√
[ ( (𝑛+1) ) (𝑛) ]
(
)
and we have 𝔼 Φ b
∣b
≤ 𝑁 + 2 𝑁 ⋅ Φ b(𝑛) .
∑𝑁 ∑𝑁
′
Proof: Let 𝑧 (b) =
𝑖=1
𝑖′ =1 ∣𝑏𝑖 − 𝑏𝑖 ∣, and 𝑑𝑖 (b) =
∑
𝑁
1
′ ). By using the upper-bound of 𝑧 (b) and
(𝑏
−
𝑏
′
𝑖
𝑖
𝑖 =1
𝑁
𝑑𝑖 (b) ≤ 1, we have

(∑
𝑗∕=𝑖

(𝑛)

𝑏𝑗

+𝜃

)

whose component is given by 𝑏𝑖
=
, for
𝑝𝑟 −𝑝co
𝑖
co
∀𝑖 ∈ 𝒩 , where 𝑝𝑖 is given by (11). In particular, the proposed
algorithm favors distributing the available energy of the relay,
with uncertainty about the individual information (e.g., the
utility value, the chosen strategies, etc.).
In fact, [10, Theorem 10] shows that if the best-response
function is two-sided scalable and a fixed point exists, this
fixed point can be reached via using its corresponding iteration vector function. Hence, we conclude that the proposed
algorithm can converge to the NE b∗ . Moreover, we investigate
the convergence time of the proposed algorithm, which is
necessary and important for communication quality.
Note that if b(𝑛) is a NE, then b(𝑛+1) = b(𝑛) and the
allocated power stops changing. In order to characterize the
difference between each iteration during the auction process,
)2
∑𝑁 (
we define the potential function as Φ (b) = 𝑖=1 𝑏𝑖 − 𝑏 ,
∑
𝑁
where 𝑏 = 𝑁1 𝑖=1 𝑏𝑖 .
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∂𝑓 (𝑔)
= 2 (𝑁 − 1) 𝑔 − 2 (𝑁 − 1) 𝑤,
∂𝑔

(16)

where 𝑤 is the average value of all the/ elements of w. Moreover, the second derivative is ∂ 2 𝑓 (𝑔) ∂𝑔 2 = 2 (𝑁 − 1) ≥ 0.
Hence, 𝑓 (𝑔) is minimized at 𝑔 = 𝑤, and then, we achieve
Φ (b) − Φ (w) = 𝑘 2 +

𝑁
−1
∑
𝑖=1

(

−1
)2 𝑁∑
2
𝑏𝑖 − 𝑏 −
(𝑏𝑖 − 𝑤) ≥ 𝑘 2 .
𝑖=1

(17)
Next,
we
assume
that
𝑏
=
𝑏
+
𝑘
and
𝑆
(b)
=
𝑁
∑𝑁
¯𝑏 , then 𝑆 (b) − 𝑆 (w) ≤ 2𝑁 𝑘. Let 𝑀 =
𝑏
−
𝑖
𝑖=1
⌈𝑏𝑁 − 2𝑘⌉ and 𝑦𝑗 = ∣{ 𝑖∣ 𝑏𝑖 = 𝑗}∣. Thus, we have 𝑏𝑖 ≥
𝑏𝑁 − 2𝑘, 𝑦𝑗 = 0 for 𝑗 > 𝑏𝑁 , and 𝑦𝑗 = 0 for 𝑗 < 𝑀 .
∑𝑏𝑁
2
Similarly, let 𝐵 (b) = 𝑗=𝑀
𝑦𝑗 (𝑦𝑗−1 − 𝑦𝑗+1 ) , and we can
further get
𝐵 (b) − 𝐵 (w) ≤ 2𝑦𝑏𝑁 −𝑘 (𝑁 − 𝑦𝑏𝑁 −𝑘 /2) .

(18)

5

1
1
𝑆 (b)−𝑆 (w) 𝐵 (b)−𝐵 (w)
𝑧 (b)−
𝑧 (w) ≤
−
2𝑁
2 (𝑁 −1)
𝑁
𝑁2
≤ 2𝑘 − 1.
(19)
In the case of 𝑏𝑁 = 𝑏 − 𝑘, the proof is similar to the above.
Therefore, the proof is complete.
■
Theorem 5: Let 𝑁 be the number of the source-destination
pairs in the wireless cooperative network, and 𝑇 be the number
of rounds taken by the proposed( algorithm
) to reach a NE for
the first time. Then, 𝔼 [𝑇 ] ∼ 𝑂 𝑁 2 + 𝑁 .
Proof: Note that the relationship √
between b(𝑛+1) and b(𝑛)
[ ( (𝑛+1) )]
[ (
)]
satisfies: 𝔼 Φ b
≤ 𝑁 + 2 𝑁 ⋅ 𝔼 Φ b(𝑛) . Then,
(
) ∑
(
)
let 𝜏 = 𝑂 (𝑁
), Υ(𝑛)
= ))Φ b(𝑛+𝜏 ) − 𝑖 𝑑𝑖 b(𝑛) , and
(
(
Ω(𝑛) = min Υ(𝑛) , 𝑧 b(𝑛) . From Lemma 2, we know that
Υ(𝑛) is a super-martingale. Hence,
[
(
)]
𝔼 Ω(𝑛+1) Ω(𝑛) < 𝑧 b(𝑛)
≤ Υ(𝑛) = Ω(𝑛) ,
(20)
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Since the right-hand side of (18) is at most 𝑁 2 , we can obtain:
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Fig. 1. Performance comparison in terms of different number of bidders
(The available transmit power of the relay is 2W.).

(
)]
(
)
[
𝔼 Ω(𝑛+1) Ω(𝑛) = 𝑧 b(𝑛)
≤ 𝑧 b(𝑛) = Ω(𝑛) . (21)
[ (
)
(
) (
)]
(𝑛)
If
is not a NE,)/
𝑃 Φ b(𝑛+1) ∕= Φ b(𝑛) Φ b(𝑛) ≥
( b
(
)
(
) 𝑧(w(𝑛) )
Φ w(𝑛) . Based on Lemma 2,
Φ w(𝑛) − 2(𝑁 −1)
( (𝑛+1)
)
we
∕= Υ(𝑛) Υ(𝑛) = 𝑥 ≥
/ have i) for 𝑥 > 0, 𝑃 Υ
(
)
¯𝑏 max 𝑏𝑖 , ii) for 0
<
𝑥
<
𝑧 b(𝑛) ,
𝑖∈𝒩
/
( (𝑛+1)
)
(𝑛)
(𝑛)
¯
𝑃 Ω
∕= Ω
Ω = 𝑥 ≥ 𝑏 max 𝑏𝑖 . Consequently,
𝑖∈𝒩

we can show
[(
)2
(
)]
𝔼 Ω(𝑛+1) − Ω(𝑛)
0 < Ω(𝑛) < 𝑧 b(𝑛)
≥ ¯𝑏.
In fact, 𝑇 can be viewed a stopping time. Define
( (
)
)2
Ξ(𝑛) = 𝑧 b(𝑛) − Ω(𝑛) − 𝑏 ⋅ 𝑇,

(22)

(23)

and we find that Ξ(𝑛∧𝑇 ) is a sub-martingale. Let 𝑃1 be the
probability for Ω(𝑛) = 0, that is, b(𝑛+𝜏 ) is a NE. Using
Optional Stopping Theorem [11], we get
(
)2
[
]
𝑃1 𝑧 b(𝑛) − ¯𝑏𝔼 [𝑇 ] = 𝔼 Ξ(𝑇 ) ≥ Ξ(1) > 0.
(24)
By means of the Estimation
Theorem [11], we have 𝔼 [𝑇 ] ∼
(
)2 /
¯𝑏. For Ω(𝑛) = 0, according to Lemma
𝑂 (𝑁 ) + 𝑃1 𝑧 b(𝑛)
[
]
(
)2 /
¯𝑏 ∼
1, we have 𝔼 𝑇 Ω(𝑇 ) = 0 ∼ 𝑂 (𝑁 ) + 𝑧 b(𝑛)
(
)
(
)
(𝑛)
(𝑛)
𝑂 [ 𝑁 + 𝑁 2 . Similarly,
, we also have
( (𝑛) ) ] for Ω( = 𝑧2 )b
(𝑇 )
𝔼 𝑇 Ω
= 𝑧( b
∼
𝑂
𝑁
+
𝑁
.
Therefore,
we can
)
get 𝔼 [𝑇 ] ∼ 𝑂 𝑁 + 𝑁 2 .
■
IV. N UMERICAL R ESULTS
The simulation setup is as follow: several source-destination
nodes are randomly located around the relay. For both the local
broadcasting and the long-haul cooperative channels, Rayleigh
fading coefficients are modeled as unitary power, complex
Gaussian random variables. The constant 𝜅 is set to 1, and
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Fig. 2. Performance comparison in terms of different available relay power
values (The number of the bidders is 5.).

the path loss exponent 𝛿 is set to 3. The Gaussian noise
variance 𝜎 2 is 10−12 W. For simplicity, we take the outage
capacity 𝒞𝑜𝑢𝑡,𝑖 and the threshold value of outage probability
𝑡ℎ𝑟
𝑃𝑜𝑢𝑡,𝑖
as the same values for all source-destination nodes,
𝑡ℎ𝑟
i.e., 𝒞𝑜𝑢𝑡,𝑖 = 1.4bps/Hz and 𝑃𝑜𝑢𝑡,𝑖
= 10−4 [6]. Besides, we
choose 𝜃 = 1 for all the simulations as in [5].
For illustrative purpose, we compare our scheme with the
centralized power allocation scheme (CPAS) which achieves
the optimal solution [11]. Fig. 1 depicts the maximum utilitarian social welfare with different number of the bidders, and
Fig. 2 shows the case of different available relay power values.
Note that these results are obtained using 50 runs in order
to obtain statistically meaningful average values. From the
given figures, we can find that our scheme almost achieves the
same performance as that of CPAS, irrespective of the number
of bidders and available relay power values. In other words,

6
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the resulting NE is a solution of maximizing the utilitarian
social welfare. Hence, the resulting NE via using the proposed
distributed algorithm is Pareto optimal.
Moreover, Fig. 3 shows the convergence time as the number
of bidders varies from 6 to 20 with random relay transmit
power. The more the bidders, the slower the convergence
speed. That is because the increase in the number of bidders
may result in the growth of opportunity of interaction among
the bidders. Also, we verify the convergence performance
when the available transmit power of the relay is a dynamic
value. We find that the convergence time is strongly dependent
on the number of the bidders, and independent of the initial
bidding strategies and the available transmit power of the relay
node. Most notably, when 𝑁 is small, Theorem 5 provides
an accurate estimation, while as 𝑁 goes large, Theorem 5
tends to become a bit of lose. For example, when 𝑁 = 6, the
theoretical upper bound is 42, and the practical convergence
round is 39. These numbers change to 420 and 347 when
𝑁 = 20. This is due to the fact that we use a conservative
estimation of Φ(b) in Lemma 2, and we refer the readers to
[11, Theorems 3.1-3.4] for more details on the performance
deviation by using this estimation method.
V. C ONCLUSIONS
In this work, we develop an auction-based relay power allocation scheme for multiple node-pairs relay wireless networks.
Firstly, we design a refined energy efficiency metric to describe
the relationship between the QoS provisioning and the energy
consumption. Then, we propose an auction mechanism for
relay power allocation. From the game theoretic perspective,
we prove the existence, uniqueness, and Pareto optimality
of the NE for our auction game. From the resulting NE,
we can determine the energy-efficient allocation strategies.
Moreover, we develop a distributed algorithm to converge
to the Pareto optimal NE with the incomplete individual
information. Interestingly, we find that the convergence is only
dependent on the number of source-destination pairs.

1835

[1] Y. Chen, S. Zhang, S. Xu, and G. Y. Li, “Fundamental trade-offs on green
wireless networks,” IEEE Communications Magazine, vol. 49, no. 6, pp.
30-37, 2011.
[2] C. Han, T. Harrold, “Green radio: Radio techniques to enable energyefficient wireless networks,” IEEE Communications Magazine, vol. 49,
no. 6, pp. 46-54, 2011.
[3] K. Phan, L. Le, S. Vorobyov, and T. Le-Ngoc, “Power allocation and
admission control in multi-user relay networks via convex programming:
centralized and distributed schemes,” EURASIP Journal on Wireless
Communications and Networking, vol. 2009, article ID 901965, 2009.
[4] A. Mukherjeen and H. M. Kwon, “General auction-theoretic strategies
for distributed partner selection in cooperative wireless networks,” IEEE
Transactions on Communications, vol. 58, no. 10, pp. 2903-2915, 2010.
[5] J. Huang, Z. Han, M. Chiang, and H. V. Poor, “Aucation-based resource
allocation for cooperative communications,” IEEE Journal on Selected
Areas in Communications, vol. 26, no. 7, pp. 1226-1237, 2008.
[6] A. D. Coso, U. Spagnolini and C. Ibars, “Cooperative distributed MIMO
channels in wireless sensor networks,” IEEE Journal on Selected Areas
in Communications, vol. 25, no. 2, pp. 402-414, 2007.
[7] L. Zhou, X. Wang, W. Tu, G. M. Muntean, and B. Geller, “Distributed
scheduling scheme for video streaming over multichannel multiradio
multihop wireless networks,” IEEE Journal on Selected Areas in Communications, vol. 28, no. 3, pp. 409-419, 2010.
[8] J. Sun, E. Modiano, and L. Zheng, “Wireless channel allocation using an
auction algorithm,” IEEE Journal on Selected Areas in Communications,
vol. 24, no. 5, pp. 1085-1096, 2006.
[9] A. B. Mackenzie and L. DaSilva, Game Theory for Wireless Engineers.
Morgan & Claypool, 2006.
[10] C. W. Sung and K.-K. Leung, “A generalized framework for distributed
power control in wireless networks,” IEEE Transactions on Information
Theory, vol. 51, no. 7, pp. 2625-2635, 2005.
[11] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, U.K.:
Cambridge Univ. Press, 2004.

